A new class of relativistic stellar structure equations which include the antiscreening effect of the gravitational interaction is presented. Significant modifications in the mass-radius relation for neutron stars can be expected if the running of the Newton coupling due to quantum gravity occurs at low energies. A new Buchdahl limit is derived and its physical implications are discussed. In particular sub-Planckian self-gravitating objects with arbitrarily small radii are possible.
I. INTRODUCTION
One of the most important issues in modern astrophysics is to understand the fate of stars undergoing a gravitational collapse. It is believed that when the energy density of the collapsing star reaches Planckian scales, quantum effects will halt the collapse. The details of this mechanism depend on the theory of quantum gravity at hand and, in recent years, various scenarios have been put forward (see Ref. [1] for a review).
Over the past decades, Asymptotically Safe Gravity has emerged as a promising approach to obtain a consistent and predictive theory of quantum gravity. The key ingredient is the existence of a non-Gaussian fixed-point, acting as an ultraviolet (UV) attractor for the gravitational renormalization group flow. The possibility of quantizing gravity along these lines was first suggested by Weinberg in his seminal study in d = 2 + dimensions [2] , but at that time this fixed point was not accessible in d = 4 dimensions due to its non-perturbative character. After the introduction of the functional renormalization group equation for the effective average action [3, 4] , a systematic investigation of the phase diagram of gravity has become possible. The initial analyses based on the simple Einstein-Hilbert truncation [5] have been extensively generalized by the inclusion of higher-derivatives operators [6] [7] [8] [9] [10] [11] [12] [13] and matter fields [14] [15] [16] [17] [18] [19] [20] [21] [22] . The presence of a non-Gaussian fixed point has further been tested in unimodular-gravity settings [23] [24] [25] [26] and for the case of spacetimes carrying a foliation structure [27] [28] [29] [30] [31] [32] . Beyond corroborating the existence of the non-Gaussian fixed point, all of these investigations support the conclusion that the dimension of the UV critical manifold is finite [33, 34] .
One of the key features of the Asymptotic Safety scenario for quantum gravity is the anti-screening of the gravitational interaction at short distances. In fact, the existence of a non-trivial fixed point for the dimensionless Newton coupling, g(k) = G(k) k 2 , implies that the dimensionful Newton coupling vanishes at high energies, G(k → ∞) → 0. Implications of this anti-screening behaviour for the structure of black holes have appeared in Refs. [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , while consequences for the physics of the Early Universe have been studied in Refs. [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] (see Ref. [64] for a review).
The Asymptotic Safety mechanism can be understood in simple physical terms. Assuming that, in the largedistance limit, the leading quantum effects can be described by quantizing the linear fluctuations of the metric, one obtains a free field theory in a curved background spacetime whose elementary quanta, the gravitons, carry energy and momentum. The vacuum of this theory is thereby populated by virtual graviton pairs, and a test body will become "dressed" by a cloud of virtual gravitons surrounding it. Whereas quantum fluctuations screen external charges in QED, they have an antiscreening effect on external test masses in quantum gravity. As a consequence, the Newton constant becomes a density-dependent quantity which is smaller at shorter distances. This behavior is similar to the running of the non-Abelian gauge coupling in Yang-Mills theories, for which the vacuum turns out to be "paramagnetic" at large distances [65, 66] .
As proposed by Markov and Mukhanov [67] , a way to consistently incorporate the antiscreening character of the gravitational interaction in Cosmology consists of introducing an energy-dependent Newton coupling as an effective multiplicative coupling between matter and geometry. In this work, we extend this formalism to study spherically symmetric field configurations. In particular we derive a modified Tolman-Oppenheimer-Volkoff (TOV) equation [68] [69] [70] , and discuss its physical consequences. The specific scaling of the running gravitational coupling derived from the renormalization group analysis is then used at a later stage as an external input to work out explicit results, but different scenarios for quantum gravity could also be considered (see, e.g., Refs. [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] ).
As expected, if quantum gravity sets in at Planckian scales, corrections to the mass-radius relation for macroscopic astrophysical sources are negligible. Clearly, these corrections would become phenomenologically more relevant in scenarios where the scale of quantum gravity is significantly lower than the Planck scale, but we do not pursue this line in the present work. The most significant consequence of the energy dependence of the gravitational interaction is a modification of the Buchdahl bound [82] for Planckian-size objects. Specifically, due to the antiscreening character of gravity at short distances, the Buchdahl limit deviates from the classical one at Planckian scales and matches the Schwarzschild limit at a critical radius R crit * ∼ 0.37 L Pl , with L Pl being the Planck length. Above this critical point, the formation of Planckian stars of compactness beyond the classical Buchdahl limit and positive central pressure is possible. These Planckian-size stars are characterized by a radius extremely close to the Schwarzschild radius and, as a consequence, they would appear dark to distant observers. These objects thus match the idea of quasi-black-holes introduced in Refs. [83, 84] in the context of semi-classical gravity. Below the critical point R crit * , the quantumimproved Buchdahl limit undergoes a further deviation, indicating a possible transition to a regime where the internal structure of stars is dominated by quantum-gravity fluctuations. In this regime, the existence of stars with positive isotropic internal pressure is more restricted, but the formation of horizonless astrophysical objects with arbitrarily small radii is still possible.
The plan of the paper is the following. In Sect. II, we review the TOV equation in General Relativity. The field equations in the Markov-Mukhanov formalism are obtained in Sect. III, whereas the derivation of the improved TOV equation is reported in Sect. IV. This equation is solved for a polytropic equation of state in Sect. V, and the corresponding modified mass-radius relation is discussed. The effects on the Buchdahl limit for uniform stars are studied in Sect. VI. Finally, in Sect. VII we summarize our findings.
II. TOV EQUATION IN EINSTEIN GRAVITY
In this section, we review the derivation of the classical TOV equation in General Relativity. This will serve to highlight the differences with respect to the case of an energy dependent coupling in the next section.
A static and spherically symmetric astrophysical system, such as a star, is described by a metric of the form
The functions λ(r) and ν(r) are determined by the internal structure of the star, specifically its composition and the matter distribution in its interior. A star can be modeled as a self-gravitating object made of a perfect fluid, with proper energy density = (r) and hydrostatic pressure given by an equation of state (EoS) p = p( ). The energy-momentum tensor reads
Replacing Eq. (1) and (2) into the Einstein equations yields [70] 
where f = ∂ r f for any function f , κ = 8πG 0 /c 4 , and the gravitational coupling is the constant G 0 . Since κ is a constant, the conservation equation ∇ µ G µ ν = κ ∇ µ T µ ν = 0 reduce to the only non-trivial condition
Likewise, from Eq. (3), one obtains
where the mass function
is such that the total mass of a star of radius R * is given by M * = M (R * ). This mass coincides with the Arnowitt-Deser-Misner (ADM) mass [85] of the system. The classical TOV equation [68] [69] [70] is finally obtained by combining Eqs. (4) and (6),
and reduces to the Newtonian equation of hydrostatic equilibrium in the non-relativistic limit, c → ∞.
The TOV equation (9) and the relation (8) for the mass function are the equations governing the hydrostatic equilibrium for a self-gravitating spherically symmetric object. Once an EoS is specified, the TOV equation can be solved in order to determine the radial variation of the internal pressure p = p(r) in a star interior.
III. FIELD EQUATIONS IN THE MARKOV-MUKHANOV FORMALISM
We next consider the case in which matter couples with gravity via an energy dependent coupling. In order to derive the corresponding effective field equations, we follow the Markov-Mukhanov formalism [67] , which was originally introduced in order to study a particular case in which the energy-dependent effective Newton coupling was assumed to vanish at short distances. Although the antiscreening character of gravity was introduced in Ref. [67] as an ad hoc assumption, it turns out to be realized if gravity is asymptotically safe [86] , i.e., if the gravitational RG flow attains an interacting fixed point at high energies.
The starting point is a fluid whose gravitational dynamics is governed by the action
where L = − is the matter Lagrangian [87] and is again the proper energy density of the fluid. The function χ = χ( ) is an effective multiplicative coupling encoding the way matter interacts with gravity. The metric variation of the matter part of the Lagrangian yields
Here, the variation δ is given by
as recalled in Appendix A. Upon varying the action (10) with respect to the metric, we obtain the modified Einstein equations
where Λ µν is the effective energy-momentum tensor
We see that the matter fields, whose energy-momentum tensor T µν is given by Eq. (2), couple to gravity via the effective Newton coupling
In addition, the variation of the action (10) generates an effective cosmological constant
One should further note that consistency with the Bianchi identity demands that ∇ µ Λ µν = 0 and, on considering the explicit expression (2) of the matter energy-momentum tensor, it implies
This constraint is satisfied if the usual conservation equation ∇ µ T µν = 0 holds, along with (at least) one of the following conditions:
1. The quantity ( χ) is a linear function of the energy density:
In this case we must have χ = χ 0 + χ1 , which implies that χ → χ 0 when → ∞. Of course, a regular low energy limit ( → 0) requires χ 1 = 0, and one is left with the standard general relativistic case upon identifying χ 0 ≡ κ (see Eq. (15)).
2. The energy density and pressure satisfy the vacuum equation of state:
meaning that the energy-momentum tensor is trivially conserved in de Sitter spacetimes, independently of the effective gravitational coupling χ.
3. The gradient of the energy density is proportional to the fluid's four-velocity:
This case could be relevant for cosmology since it implies that the energy-momentum tensor of a homogeneous fluid sourcing the Friedmann-Lemaitre-Robertson-Walker spacetime is generally conserved for any choice of χ.
Conversely, if none of the above conditions holds, one cannot have ∇ µ T µν = 0, and Eq. (17) becomes a non-trivial constraint, which we can write as
In the following we will use the modified Einstein equations (13) and the conservation equation (21) in order to derive the modified TOV equation.
IV. QUANTUM-IMPROVED TOV EQUATION
We first notice that, for a static fluid of the kind considered in Sect. II, the four-velocity can be written as u µ = (e ν/2 , 0, 0, 0), and we can still assume a metric of the form (1) . As a first step, we need to determine the functions λ = λ(r) and ν = ν(r) in the line element (1) . To this end, we study the modified Einstein equations (13) . The first component of Eq. (13) reads
and determines the g 11 component of the metric
where M q = M q (r) is a modified mass function. Specifically, introducing the effective proper energy density q ≡ κ −1 χ , the quantum-corrected gravitational mass M q is written in the same form as in the classical case
with the proper energy density replaced by its "screened" counterpart q . In terms of the effective energy density q the scale-dependent Newton coupling reads
and reduces to the classical Newton constant in the limit q → , i.e., for χ → κ. Replacing Eq. (23) into the second component of the Einstein equations,
yields a differential equation for the function ν = ν(r) which determines the temporal component of the metric,
At this point, the modified TOV equation can be obtained straightforwardly from the conservation equation (21).
The first component reads
and is identically satisfied (like in the standard case), whereas
differs from Eq. (6), because of the dependence of the effective gravitational coupling on the proper energy density, χ = χ( ). From the above equation, we finally obtain
This relation, combined with Eq. (27), yields the modified TOV equation in terms of the effective energy density q and mass M q . As a check, we notice that Eqs. (27) and (30) give Eq. (9) when q → , or χ = κ = constant.
In the next sections, we will discuss the modifications to the mass-radius relation, maximal mass, and Buchdahl limit induced by the modified TOV equation (30) .
V. MASS-RADIUS RELATION FOR POLYTROPIC QUANTUM-IMPROVED NEUTRON STARS
In this section we study the structure of astrophysical compact objects (e.g., neutron stars), arising from the modified TOV equation derived in the previous section. Classically, once an EoS is specified, the mass-radius relation arising from the TOV equation leads to an upper bound for the mass of neutron stars, M 2.17M [88] [89] [90] . In what follows we will discuss how the antiscreening character of gravity predicted in the AS scenario could modify the mass-radius relation and the corresponding maximal mass.
In order to solve the new TOV equation, we need to know how quantum gravitational effects modify the mass of a neutron star via the effective energy density q . Solving the beta functions for the Newton coupling in the Einstein-Hilbert truncation [91] gives
where k 2 Pl = c 3 /G 0 ≡ (M Pl c) 2 , g * = 0 is the fixed-point value attained by the dimensionless running Newton coupling g(k) ≡ G(k) k 2 at high energies and ξ is a positive constant setting the scale at which quantum gravitational effects become important. Specifically, the scale of quantum gravity is set by the momentum scale
and it gives the Planck scale for ξ ∼ O (1) . Note that the Newton coupling (31) vanishes when k → ∞, and in particular G(k) ≤ G 0 at all scales. This is reminiscent of the antiscreening behaviour of gravity described in the introduction. 
where Pl ≡ c 7
is the Planck density. The latter enters the expression of the effective energy density q as −1 Pl
where r g ≡ G0 M c 2
1.48 km is half of the Schwarzschild radius of the sun. The effective energy density q reduces to the classical proper energy density in the limit ξ → 0, as expected. The expression (33) for the effective proper energy density affects both the continuity equation (24) and the TOV equation (30) and is the only input needed to embed the scale-dependence of the running Newton coupling into the dynamics of the system.
We preliminary notice that, due to the antiscreening of gravity at high energies, the mass M q will typically be smaller than its classical counterpart. In fact, the quantum-improved mass (24) satisfies the following inequality
Therefore, neutron stars formed in the presence of an energy-dependent Newton coupling, which decreases at short distances, would be lighter than classical neutron stars. The mass-radius relation for a neutron star can now be obtained by replacing the expression for q in the modified TOV equation (30) , and by specifying an EoS. In the following, we will only consider a polytropic fluid
with polytropic index α = 1 and γ ∼ 4 · 10 −4 fm 3 /MeV [92] . This EoS is supposed to mimic the effects of strong nucleon-nucleon interactions in a neutron star interior [92] . Finally, the integration of the TOV equation, together with the conditions (R * ) = 0 and (0) ≡ 0 , allow us to compute the modifications of the mass-radius relation M * (R * ) induced by quantum-gravity effects in a neutron-star interior. In particular, for a given central density 0 , the radius is obtained by the condition p(R * ) = (R * ) = 0, while the quantum-corrected gravitational mass is defined by M * ≡ M q (R * ).
The mass-radius relation clearly depends on the scale at which the gravitational antiscreening becomes important. As already mentioned, this scale is parametrised by the positive constant ξ. The modified mass-radius relation is shown in Fig. 1 for different values of ξ. Unsurprisingly, a sizable effect on the mass and radius of a star requires to raise the scale of quantum gravity to macroscopic scales, by setting ξ 2 10 76 . This enormous value for ξ 2 is due to the suppression factor −1 Pl , Eq. (34), which enters the expression (33) for the effective energy density q . As already noticed, the antiscreening effects induced by the running gravitational coupling (31) decrease the value of the effective mass M q (R * ), thus favouring the formation of lighter and smaller neutron stars. This is explicitly shown in Fig. 2 , where the classical (black line, ξ = 0) and quantum-modified (red line, ξ = 8 · 10 38 ) mass and radius are shown as functions of the central density 0 .
VI. QUANTUM-CORRECTED BUCHDAHL LIMIT
In this section we study the TOV equation for an incompressible fluid characterized by a constant energy density = 0 . Although the energy density in a realistic star interior certainly depends on the radial coordinate r, assuming = 0 has the advantage of not requiring an EoS as an input to solve the TOV equation and allows to derive an important theoretical bound, known as the Buchdahl limit, for stars with isotropic pressure [82] . In General Relativity, the latter is parametrized by a curve in the (M * − R * )-plane corresponding to spherically symmetric self-gravitating objects with diverging central pressure. In what follows we will discuss how this classical limit is modified by antiscreening effects of gravity.
We start by reviewing the derivation of the Buchdahl limit in the classical case. The mass of the star is obtained by integrating Eq. (8) for a constant energy density 0 = ρ 0 c 2 ,
where we used
for the total mass density. The isotropic hydrostatic pressure p = p(r) is then derived by replacing Eq. (37) into the classical TOV equation (9), and solving with the boundary condition p(R * ) = 0. The central pressure reads
The condition p −1 (r = 0) > 0, ensuring a finite and positive central pressure 1 , thus imposes the Buchdahl bound The allowed region in the (M * − R * )-plane is shown in the left panel of Fig. 3 (orange region) , together with the region R * > 2 M * G 0 /c 2 corresponding to astrophysical objects whose radius is inside the Schwarzschild radius (blue region).
Modifications induced by the energy dependence of the gravitational coupling can now be obtained by following the same steps. We first need to solve Eq. (24) for a constant energy density 0 = ρ 0 c 2 . The corresponding mass function is given by
so that a star of radius R * and mass M * = M q (R * ) has an effective mass density
Note that, for objects of small compactness, G 0 M * c 2 R * , the above expressions just reproduce their general relativistic analogues, Eq. (37) and (38) . Employing Eqs. (42) and (41), the new TOV equation (30) can be integrated to give an explicit expression for the pressure of the star. In the center, it is given by
with N = e 
and
The condition p −1 (r = 0) > 0 defines the quantum-improved Buchdahl bound (yellow region in Fig. 3 ). For large masses and radii, the limiting curve p −1 (r = 0) = 0 coincides with the classical Buchdahl limit (40) . Zooming into the Planckian region, where ultra-compact stars of Planckian masses are located, this limiting curve starts deviating from the classical one (see left panel of Fig. 3 ), and gets closer to the Schwarzschild limit. Our modified TOV equation thus allows for the existence of ultra-compact horizonless objects of positive central pressure beyond the classical Buchdahl limit. The radius of these Planckian stars is very close to the Schwarzschild radius. As a consequence, similarly to the "quasi-black-holes" introduced in Refs. [83, 84] , these ultra-compact objects would appear dark to distant observers. Interestingly, there exists a critical point (R crit * , M crit * ) where the modified Buchdahl bound matches the Schwartzschild limit. The value of the critical radius R crit * can be derived analytically from the condition D(R * , R * c 2 /2G 0 ) = 0 and reads
where L Pl is the Planck length and W is the Lambert W-function. The existence of a critical value is due to the presence of the non-trivial fixed point g * , reminiscent of the non-perturbative renormalizability of gravity. Naturally, in the classical limit g * → ∞ (or, equivalently, ξ → 0) and the critical radius R crit * vanishes. Beyond the critical point, the Buchdahl limit undergoes a major deviation from the classical case, indicating a possible transition to a new phase, dominated by quantum-gravitational fluctuations. In fact, crossing the critical point, the function D(R * , M * ) becomes negative and the Buchdahl condition reduces to the inequality N (R * , M * ) < 0. The latter can be solved exactly and gives a quantum-improved Buchdahl limit for sub-Planckian stars,
The above equation is equivalent to the condition
and, interestingly, the critical line R * ∼ (M * /M Pl ) 1/3 L Pl resembles the scaling relation characterizing "Planck stars" of the kind introduced in Ref. [94] . As is clear from Eq. (47), below the critical point the quantum-corrected Buchdahl limit deviates substantially from the classical one. This transition occurs in the sub-Planckian region, as shown in the right panel of Fig. 3 . At variance with the case R crit * < R * L Pl , below the critical point the formation of stars of positive central pressure is more restricted. However, the new bound (48) still allows for the existence of astrophysical objects with arbitrarily small radii.
VII. CONCLUSIONS
The approach discussed in this paper allows the study of stellar structure equilibrium configurations in theories with energy-dependent gravitational interaction. This dependence could arise, e.g., from the running of the gravitational couplings dictated by the renormalization group equations.
Unless the scale of quantum gravity is much below the Planck scale, quantum-gravity effects cannot affect the mass-radius relation of standard neutron stars. However, our formalism is useful to describe possible outcomes of the gravitational collapse when the internal density reaches Planckian values. In particular the new, quantum-improved, stellar structure equations could be used to discuss possible non-singular stellar-like remnants. Clearly, in order to address the latter point, it is essential to study the stability of these new configurations. Classical secular stability can be discussed in terms of the critical points of the mass M * (ρ 0 ), where ρ 0 is the central mass density. In our case, unless the running of Newton coupling is negligible, this criterion cannot be used. It is thereby essential to study the spectrum of the stability equations for the radial modes induced by the effective energy-momentum tensor (14) . We defer this point to a following paper.
Assuming that the running of the Newton coupling is given by Eq. (31), the most important result of our investigation is the possible existence of ultra-compact objects of Planckian size, as is displayed in Fig. 3 . These objects would be completely dark for any astrophysical purpose, yet they would have no horizon. They could have been produced by direct collapse of primordial perturbations during the inflationary era and subsequently merged to produce primordial black holes [95] [96] [97] [98] . It would thus be interesting to study the phenomenological consequences of our findings. In this Appendix, we derive the variation (12) for the proper energy density following closely Ref. [99] . Our convention for the metric signature is (+ − −−).
Let us consider a generic fluid of baryonic density ρ. The baryonic density is a density function satisfying the continuity equation for vanishing pressure
where u µ is the fluid's 4-velocity in a general reference frame x µ . Specifically, u µ = dx µ dτx , with the proper time implicitly defined by
The relation (A1) depends on the metric, both explicitly via the determinant g and implicitly in the definition (A2) of proper time τ x . However, ρ is a scalar under change of coordinates, so that the same continuity equation must also hold in the frame X α = X α (x µ ) comoving with the fluid. In this frame, the fluid's proper time along a trajectory X α = X α (τ X ) is given by
and the 4-velocity is
The continuity equation in the comoving frame reads
and can be integrated to yield
where K is an integration constant and ∂x ∂X the modulus of the Jacobian of the transformation x µ = x µ (X α ), which does not depend on the metric. It follows that
At this point, we just need to use Eq. (A6) and note that
in order to finally obtain
Expanding the variation in the left-hand-side of this expression and using the well-known relation for the variation of the metric determinant, we obtain δρ = ρ 2 g µν − c −2 u µ u ν δg µν .
For a barotropic perfect fluid, the pressure is a function of the proper energy density only, p = p( ). In this case the baryonic density ρ and the proper energy density are related to each other by means of the following relation [100] δρ ρ = δ + p( ) .
(A11)
Combining this relation with Eq. (A10), finally yields the variation (12) of the proper energy density relevant for the derivation of the field equations in the Markov-Mukhanov formalism reported in Sect. III.
